In analogy to the role of Lommel polynomials 
Introduction
Let us motivate our intentions by an analogy of Bessel functions Watson [2] ). We find this in Watson [2] (from p. 294 on in very detailed form) and in Bateman and Erdélyi [3] for them seems to be unique and specifies them.
Our "Associated Hermite polynomials" are related to the Parabolic Cylinder functions in the analogous way as Lommel polynomials are related to Bessel functions. They are, in general, not orthogonal polynomials and satisfy a 4-th order differential equation.
In the following Sections we develop more systematically some formalism for the Parabolic Cylinder functions in connection with their Associated Hermite polynomials. Later, after this we will come back again to the analogies between Bessel functions and Parabolic Cylinder functions with discussion of the group-theoretical background. with important application in physics (e.g., quantum mechanics) is satisfied, for example, by the following two independent solutions ( ) 
The Parabolic Cylinder Functions in the Form
with the Wronski determinant 
It is independent of variable z due to differential Equation (2.1) with no first-order derivative and with a second-order derivative without a coefficient in front depending on z as it is easily to derive. In addition, it is independent on parameter ν that is a special property of the two solutions (2.2). Due to independence of z we obtain the Wronski determinant (2.3) setting, for example,
where we used in the second representation the Kummer transformation of the Confluent Hypergeometric function (e.g., [9] , (chap. (6.3, Equation (7))) ( ) ( ) 
is such a relation between three of these functions [3] (chap. 8.2. (6)). Temme [10] in chap. 12 of NIST Handbook [11] and also J. Miller [12] in the older Handbook by the editors Abramowitz and Stegun [13] ) 
The function
is the Complementary Error function.
Series Representations of the Parabolic Cylinder Functions
If we insert in (2.4) the well-known Taylor series of the Confluent Hypergeome- 
These representations fail to act in the important special cases of non-negative 
This representation fails to provide the result without limiting transitions for negative integers 1, 2, 3, n ν = − = − − −  due to infinities in numerator and denominator. This is the main reason why we gave in (3. 
or separated in the even and odd part 3 The Pochhammer symbol ( ) k a is programmed in "Mathematica" as "Pochhammer [a,k]" in a way that it does not fail also in the mentioned special cases of failure of formulae (3.4) and (3.5). 
We gave here only Taylor series for
These relations can be written
The operators A and † A are Hermitean adjoint ones to each other in spaces of functions of real variables z and they satisfy the following commutation rela-
Using the following general disentanglement of linear combinations of operators z and z ∂ ∂ [14] ( ) ( )
which can be proved by complete induction 4 one finds from (4.2) (see also (3.3) for representation with the Pochhammer symbol)
For αβ in this formula can be chosen an arbitrary sign but it has to be the same in all parts of the right-hand side. The second formula fails to act for nonnegative integers 0,1,
Alternatively we find from (4.1)
Inserting in the first of these formulae 0 ν = and in the second 
Representation of Parabolic Cylinder Functions by Two Neighbored Basic Ones with the Recurrence Relation
Applying the recurrence relations with coefficients depending on variable z of the form (see also
The general form of the polynomials ( )
The inner sum in this expression can be expressed in two different ways (due to transformations relations) by the Jacobi polynomials 
which, in particular, is advantageous in the special cases of integer ν , in particular, 0 ν = in which factors in front of the right-hand side of (5.2) become undetermined without limiting considerations or without using the Pochhammer symbol.
In the special case 0 ν = the involved Jacobi polynomials in (5.4) are eva-
as one may see also from (5.3) and the sequence of polynomials
He n z possesses the form ( )
This means that they possess a form of scaled Hermite polynomials 
The right-hand side may be considered as disentanglement in normal ordering of the operators on the left-hand side. Other forms of operator disentanglement can be found in [14] .
In general, the Parabolic Cylinder function 
Recurrence Relations for the Associated Hermite Polynomials
Recurrence relations for the Associated Hermite polynomials
( )
He n z ν were derived in [6] . For some completeness of the description of these polynomials we partially repeat this here with some modifications.
As preparation for the calculation of relations for the Associated Hermite polynomials and of their differentiation it is useful to know some algebraic relations for the Jacobi polynomials. First of all these are recurrence relations. Since beside the variable u we have in the Jacobi polynomials 
He He He . 
We now calculate ( )
He He 
Derivative of the Associated Hermite Polynomials and Differential Equations
By differentiation of the Associated Hermite polynomials 
The right-hand side is the same as the last line on the right-hand side of (6.5) and therefore we may write the result of differentiation in the forms ( ) By repeated differentiation using the representation in last line of (7.2) we obtain ( ) 
where we used 
Under the assumption that both Equations (7.6) and (7.7) are correct (for (7.6) it is proved) one finds from these equations by forming the sum 
He He He .
Calculating the derivative from (5.4) we find Thus relations (7.8) and (7.9) and the equivalent relations (7.6) and (7.7) are proved.
Now we are able to derive the differential equations for which the Associated Hermite polynomials are solutions. Using (7.6) and (7.7) we have two possibilities with respect to the order of application which, clearly, have to lead to the same result. The first is ( ) 
Analogies and Differences between the Lommel Polynomials for the Bessel Functions to the Associated Hermite Polynomials for the Parabolic Cylinder Functions
In the Introduction we already mentioned shortly the analogies between the Lommel polynomials where the sequences of polynomials R n ν of n-th degree in variable
Lommel polynomials, are given by
where ( ) 
.
where the sequences of polynomials
( )
He n z ν of n-th degree are given by ( )
They possess the symmetry property 
SO
in the plane which last does not commute with the translations (e.g., [15] [16] and [17] ). Since this background is not so very well known let us give the most important relations in connection to the Bessel functions which show this.
If we denote the two commuting operators of the Lie algebra of translations by ( ) 1 2 , Z Z and the operator of the rotation by 3 Z then we have the commutation relations for ( )
We now form the new Lie-group operators ( )
which satisfy the commutation relations 
We use the notations of Barut and Raçzka [16] (chap. 14, §3). Vilenkin [15] uses ( )
, , a a a and
Miller [17] ( ) 1 2 , , P P M .
Similar to the system of Parabolic Cylinder functions , α β and derive from them an identity (D.8) for Jacobi polynomials which is only true for argument u equal to zero but likely can be generalized to general argument u with coefficients depending on u. In Appendices A-B we write down their explicit form for some initial members n and for some integer and semi-integer parameter ν . In We made a comparison of formulae of both groups in relation to the Bessel and to the Parabolic Cylinder functions and gave explicitly the basic operators of their Lie algebras (in particular, lowering and raising operators) in representation related to these functions. Besides great analogies between the kind of formulae for these two sets of functions there are also essential differences. One such difference is that the Lommel polynomials are polynomials of variable 1 z whereas the Associated Hermite polynomials are polynomials in z. This is discussed and presented by the corresponding formulae. It also can be proved from the definition or from the basic explicit representations of the Jacobi polynomials. By linear combination of the above three contiguous relations which are complete as the fundamental ones we may obtain some other but no more fundamental forms. All these identities are true for general argument u.
We now derive an identity which is only true for the special argument 0 u = of the Jacobi polynomials. Setting 0 u = in the identity (D.4) we find As already announced by the derivation this identity is specific for the argument 0 u = of the Jacobi polynomials and cannot be generalized to arbitrary 0 u ≠ by simply substituting only the argument zero of the Jacobi polynomials by an arbitrary one.
We mention in addition the following general relation between Jacobi polynomials with different arguments [5] 
